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Introduction to geometric numerical methods

Lecture 1. (today)
Motivation, geometric preliminaries.

Lecture 2. (tomorrow)
Numerical methods for ODEs.

Lecture 3. (Friday)
Structure preserving numerical methods AKA geometric integrators.



Philosophy:
Geometry encodes the physics of the system

Mechanical property Geometric description

classical
classical
mechanics
(ODE)

conservation of energy Poisson / symplectic

symmetries
Lie groups/algebras,
Cartan moving frames

dissipation / interaction
(almost) Dirac

power balance; constraints
control (singular) foliations

modern
classical

mechanics
(PDE)

.

conservation of energy multisymplectic
symmetries Cartan moving frames

dissipation / interaction Stokes–Dirac
rot(grad) = 0, div(rot) = 0 d2 = 0 – DEC

control foliations

Preserving this geometry in computations is fruitful



Advanced but well-studied tools: symmetries
Lie symmetries (Noether theorem).
Example: Shallow water shock waves.
Burgers’ equation: ut + uux = νuxx



Advanced and less-studied tools: integrability



Example: molecular dynamics



Example: molecular dynamics



Q: is the energy conserved?

Exercise on the blackboard.



Very classical story

Canonical case:
given H : T ∗Q → R

q̇ =
∂H

∂p
, ṗ = −∂H

∂q

Symplectic geometry

ω =
∑
i

dpi ∧ dqi

ιXH
ω = dH

More general case:
given H : M → R and
an antisymmetric J(x)

ẋ = J(x)
∂H

∂x

Poisson geometry
{·, ·} on : C∞(M)

XH = {H, ·}

ẋ = {H, x}



History

Lecture by Jean-Pierre Bourguignon (google: Souriau symplectic)
https://www.youtube.com/watch?v=93hFolIBo0Q

https://www.youtube.com/watch?v=93hFolIBo0Q


Classical story in modern language



Classical story in modern language


