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Introduction to geometric numerical methods

Lecture 1. (today)
Motivation, geometric preliminaries.

Lecture 2. (tomorrow)
Numerical methods for ODEs.

Lecture 3. (Friday)
Structure preserving numerical methods AKA geometric integrators.



Philosophy:

Geometry encodes the physics of the system
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Preserving this geometry in computations is fruitful




Advanced but well-studied tools: symmetries
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Example: Shallow water shock waves:
Burgers' equation: u; + Uty = vy




Advanced and less-studied tools: integrability
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Kadomtsev—Petviashvili equation

From Wikipedia, the free encyclopedia

In mathematics and physics, the Ki tviashvili equation (often
abbreviated as KP equation) is a partial differential equation to describe
nonlinear wave motion. Named after Boris Borisovich Kadomtsev and Vladimir
losifovich Petviashvili, the KP equation is usually written as:

0, (O + uBpu + € Dpppu) + Adyyu =0
where A = £1. The above form shows that the KP equation is a generalization
to two spatial dimensions, x and y, of the one-dimensional Korteweg—de Vries
(KdV) equation. To be physically meaningful, the wave propagation direction has
to be not-too-far from the x direction, i.e. with only slow variations of solutions in
the y direction.

Crossing swells, consisting of near-cnoidal wave &7
trains. Photo taken from Phares des Baleines (Whale
also be solved using the inverse scattering transform much like the nonlinear Lighthouse) at the western point of fle de Ré (Isle of
Schradinger equation.[®] Rhé), France, in the Atlantic Ocean. The interaction of
such near-solitons in shallow water may be modeled
Contents [hide] through the Kadomtsev—Petviashvili equation.

Like the KdV equation, the KP equation is completely integrable.[1I2IBI418] |t can




Example: molecular dynamics T O
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Example: molecular dynamics
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Q: is the energy conserved?
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Exercise on the blackboard.
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Very classical story

Canonical case:
given H: T*Q — R

oH . OH

q:a_p7 p__B_q

Symplectic geometry
w= Z dpi A dg’
i

txyw =dH

More general case:
given H: M — R and
an antisymmetric J(x)

. oH
X = J(X)a

Poisson geometry

{-,-} on:C®(M)
X = {Ha'}

x ={H,x}
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https://www.youtube.com/watch?v=93hFolIBo0Q


https://www.youtube.com/watch?v=93hFolIBo0Q

Classical story in modern language
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Classical story in modern language
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