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Visual cortex as a geometric engine

- Jan Koenderink: jet spaces and receptive profiles as directional
derivatives (1987)

- William Hoffman : Visual cortex 1s a contact bundle (1989)
- S. Zucker : Frenet Frames
- Jean Petitot, Yannick Tondut : Geodesics in contact bundle (1999)

- G.Citt1, A.Sarti : Principal bundle on the roto-translation group
equipped with sub-Riemannian metric (2003)

- other groups (Affine, Galilean, Engel) (2006-present)

- Remco Duits image analysis on Lie groups
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The hypercolumnar module




The pinwheel structure




Cortico-cortical connectivity

W.H. Bosking 1997



Association Field Experiment
Field, Heyes, Hess, 1993




THE ASSOCIATION FIELD




Receptive Fields and Receptive Profiles

Eeceptive Field

Stimmlus

| Retina M
Simple Cell ( )
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Stimulus I : M — RT

Output O = O(I)

Receptive profile G(£,1) = O(6(6 — x,n — ()



Simple cells receptive profiles




Simple Cells Receptive Profiles
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Cell response to an image
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Hypercolumn as fiber of derivations

F(z,7) = {G(%,7,6).0 € 0,7}
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X3(0)s = (—sin 60, + cos 00,1



Maximum Response Selection




Maximum Response Selection




Geometric Interpretation: lifting

ApO(x,y,0) = 0p(X3(0)1,) = —X1(0(x,y)) (2, y) =0

(cos 00, + sinéay)fg(m, y) =20
(—sin @dx + cos Bdy)(cos 80, + sin éﬁy) =0

< wg,Xl >=0



Lifting in the rototranslation space




Tangent planes

a = —sin(0)dz + cos(8)dy

G.Citti, A.Sarti 2003,2006



The rototranslation algebra

X1 = cos(f)0, +sin(#)0,, Xo =0y

X3 = [Xo, X{] = —=in(0)0; + cos(#)0,

a2
3
ZE

bl 3

24

22

2

y A -
L a. 2 0 02 g 05

Left invariant vector fields X; z(f(g1 0 g)) = (Xigf)(g1 0 g)
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The sub-Riemannian metric

On the contact planes we consider an Euclidean metric
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then the space metric is, by change of coordinates

costl ()
sinfl 0
0 1

1 0

cost

0

ginf 0

0

1

cos?0 cosbtsinf
cosfsint sin?d
0 0




Integral curves

Vi) =X1(y) + kX)), y(0) =(x,y.6)



Association Fields and Integral Curves of Tangent Vectors

Irengral caoves of e ro-rarainion weoc e

Y (t) = (71Xt +72Xa) 4(0) = (z,y.0)
X = (cos(f),sin(6), 0)
X, =(0,0.1)
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Tangent planes with metric modulation

9" (x1,2,0) = (1 + O(z1,x2,0))

cos? 0
cos Osin @

0

cosfsinf 0O

sin? 0

0

0
1




Projection onto the image plane
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Hering lllusion
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(b) Tensor representation

B.Franceschiello, G.Citti, A.Sarti 2017



Infinitesimal strain/displacement

(g — Id)(z1,z2) = Vu(zi,z2) + (Vu(zi,z5)) "

m Differentiating and substituting:

0 0 0
Auy = —6—922 + 6—911 + 26 2912
0 0 0

A 22—
Uy = ~ 9z 29'22-|- 9z 21’;v’11-|- 071 g12

m Solving numerically the Poisson problems with Neumann boundary
conditions we recover the displacement field {&(x1, X2) } ¢, 0)er2-



Hering lllusion

P

& F )

iy

L ER AR EEE L - :

.................. ¥
PR TR L I LT R T R T R R R R
. N s A iy
PR LA NN R T R A R I AR R R R T R
R ML NN T o e e e x o 150
o ol L N OE s F R &
L ] - g a
e [ RN O I P ) | A
. T T T TR T I R ] 2 il e a U B
w

.........

...............
=

...................

400

ey

™~

&
=
[

250 A x 3



10 +

150

Erhenstein lllusion
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Erhenstein lllusion

............
fu Y 1] &
R T T " T TR UL T T T T (R N NN N R R G g o e e
..............
............. d
(I
11
........... ¥
________ F
J i
11 58 g rrrrrrr s g doF
B [}
..... =
LI A
................
- L k5 d da A .
.............. - o
----- S — T e T T ™ g ™
.................. =
.................
................................
..........................
............. L o B T T L S ST T T
. IR N B T e
""""" PRy
R R F, T R e T T L L R L
--------------------
2 ¥ { I O | 1
-------
r ! Nk b Bn min o m % 5T R
I 1 L LT TR T TR R T T T I
P s g PP PFI 11T Yy s o mom oy S
.............
........................
||||||||||

B.Franceschiello, G.Citti, A.Sarti. 2017



A zoo of groups

LGN Mexican hat T(2)
Simple cells SE(2) a3 = —sin(f)dz + cos(8)dy
Simple cells Aff(2) oy = €~ 7(—sin(6)dx + cos(8)dy)

Non separable complex cells Galilean a3 = —sin(8)dz + cos(0)dy — vds

oy = —sin(0;)dx + sin(6;)dd + cos(6;)dy
Stereo SE(3) ' _ _in(6.)dz — sin(6,)d5 + cos(d, )dy

End-stopping, T-junction, L-junction complex cells



Talamo-cortical heterogeneity: SE(2) and T(2)






LGN V1->LGN

Ae_|$|2 I': AF = 5

Out = Ae™ 1% I % h ~ Ah ¢ =T % Qut

LGN->V1->LGN
A = Ah



h(z,y)

A¢ = Ah

/ V¢ — Vh|*dzdy



The modal completion sub-Riemannian Lagrangian
/ V¢ — Vh|*dzdy + / Vo — A|*dzdy + / X, Al*dady

The Euler-Lagrange Equation

—+

Ag = %(&h + div(A))
Xlli'{ —_— —‘F’qi?—l— 1{

h—h+k o ¢+ k A A+ VEk

G.Ciri, A.S. 2014



The field term
X1 A=-V¢
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The particle term
A¢ = %(&h + div(A))

¢ = 'ran * (feedfagn + horizy)




The particle term

Ap = %(ﬂh + div(A))

1 50 10} 150 200 250

G.Cirti, A.S. 2014




Inverted contrast







Alternate polarity




Fragmentation




Koftka cross: narrow




Koffka cross: wide




Cortico-cortical heterogeneity



Lifting of Xi in Bo

X?;,p p € BPU

[ X, X




Lifting of Yiin B1

}/?:,P p € Biﬂl
Yi, Y]




Cortico-cortical heterogeneity
Lifting in the intersection

By, N By, Xi»
Yip

[Xit Xj]

Y:, Yj]

[X?JYJ]

L.P.Rotschield, E.M.Stein, 1976
A.S, G.Citti, D.Piotrowski, 2019
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