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@ Geometric algebra of Euclidean space
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Grassmann algebra (Gr,, A)

R", e1,...,e, is set of basis elements

Free associative anticommutative distributive algebra over ey,..., e, is
called Grassmann algebra Gr, together with bilinear product A.

Linear subspace A € Gr,

xXEA& XxNA=0

Example: A=e; A e

x/\A:(ZX,-e,-)/\el/\eg: Zx,—(e,-/\el/\eg)
i#1,2
xNA=0&x=0, i=3,...,ne x=x161 + x0&

Grp=R+R"4+ A°R"+ -+ A" IR" + A"R"
=R+ lines 4+ planes +--- 4 hyperplanes + volume element
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Clifford algebra G,

Euclidean scalar product - on R”, quadratic vector space R" := R™0.0
defines to Clifford algebra G, with signature (n, 0, 0)

Geometric product on vectors R" C G,

u-v=3(uv+w), uAv=3(uv—wu), uv=u-v+unv

v

uNv={uv) ks,
u-v=(uv) -y,
ulv= (uv)k_y,
ulv= (uv)_g,

ue AKR", v e AR?
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Lie group of Versors

Reflection with respect to hyperplane perpendicular to a € R”

2(x -
s (x-a)a . (xa+ ax)a gl
|l |? a?

9

G={a;---a/| a =1,a; € R"} versors

Example: u,ve R", uv=u-v+ uA v=cos(u,v)+ sin(u, v)u A v rotation
with respect to the plane u A v.
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Duality

Hodge duality
ANA* = (A-A%)er---ep

algebraically A* = —Ae; - - - e,
For example line t € R" is a dual to (n — 1)—vector —te; - - - €, which is
hyperplane.

(xANA)" = x- A* ~» dual representation x € A* & x- A" =0

A'is a linear subspace generated by uy,...,u; and B is a linear subspace
generated by vq,...,v,. Then

x- (A" AB*) = (x- A*) A B* + A A (x- BY)

x€(A*ANB) < xe A" and x € B*

So A is an intersection on dual representation.
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Lie algebra T.G

Curve a1(t)--- a/(t) € G, such that a;(0)---a/(0) = e

Oe(ar(t)--- al(t)) = an(t)ax(1) - - - a(t) + ar(t)ax(t) - - - a(t) + - -
+ a(t)ax(t) - - a(t)
= a(t)a(t)ar(t)ax(t) - - a(t) + ar(t)a2(t)ax(t)ax(t) - - a(t) + - --
+ a(t)ax(t) - a(t)a(t)at)
a1(0) + 22(0)a2(0) + - - - + a(t)a(t)
1(0) + 22(0) A @2(0) + - - - + a(t) A ar(t)
because a;(t)> = 1 = a(t) - 3i(t) =0

~ TeG 22 A?R" = s0(n)
Example: G3, A2R3 = ImH, Versor group G = Spin(3)
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Rigid body motion

Lie group and Lie algebra

Lie group
Spin(n) x R" =21 SO(n) x R",

. c . n)(n—1 n+1)(n n
Lie algebra so(n) x R”, dimension )(2 )4 p={ +2)( ) =("h).

2
~ A2R™1L = 50(n) x R, basis ey, ..., e, e, such that
A2(e, ..., en) = s0(n)
and

en(er,...,e,) = R"is commutative subalgebra, so
0=[eAer, e e]=eeee, — eeree; = €2(2ere1) = € =0
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Affine extension (PGA)

LR — Gn,o,l,
A € N2R™ 1 exp(tA) : ((R") — «(R") € Spin(n) x R,
A=eNtte (e,...,e,) {translation}

exp(tA)u(0) exp(—At) = (0 + t)

The first hint can be ¢(0) = e, but

exp(tA)eexp(—At) = (1+ Jent)e(l —tent) =e

The right choice is ¢(0) = e1 - - - ep:

exp(tA)er - epexp(—At) = (1 + SeAt)er - en(l — JeAt) =
e1---e,+tieer---e,+ theerer---ep+ -+ eep---ep-1

R"™ — hyperplanes

One of the problems is a lack of duality A** =0
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Conformal geometric algebra (CGA)

R" = Gpt1,1,0

The elements ey, ..., e, et and e_ such that e%r =land & =-1

Introduce eg = e_ + e, and ex, = 3(e— — e4), such that € = €2, = 0 and

€0€so + e = —2. Two copies of affine extension PGA:
CGAg =e1,...,ep,69 and CGA = €1, ..., €n, €

R" < CGAg, A?CGA4 = s50(n) x R”

1 1
TeT" = exp(ex A t)egexp(es A1) = (1 + Eeoot)eo(l — Eeoot)

1 1
=€y — eoieoot—f— EeootEO — Eeooteogeoot

1 1
=€ — Et(eoeoo + excep) — th(—2 + epéso)exo

+1t+1t2
= g - —te
0 2 2 00

tes e+ t+ =tes = tc
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CGA basic objects

1 1 1
£2=(e+t+ 51'2600)2 = —Etz + £ - Etz = 0 null cone

1 1
t1 -t = (eo + t1 + Etfeoo) . (eo + t1 + Et%eoo)

1 1 1
= B+ 8 - -8 =—=||ta — t1]|* norm linearisation
2 2 2
1
€ t=6x-(ep+t1+ Et%eoo) = —1 normalisation

Hyperplane as a bisector of two points P; and P,
x-P1=x-Py= x-(P1—P2) =0= (P1 — P2)*hyperplane

Sphere with the center ¢ and radius p

1, 1

1 1
XC=—=p° = xc= §p2(x-eoo) = x-(c—§p2eoo) =0= (c—§p2eoo)* sphere
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Direct representation
A point pair (0D sphere), is defined by two points
P1 A Ps.
A circle (1D sphere) is defined by three points
PiAPyAPs

or a point pair and a point. Finally, a sphere (2D sphere) is defined by four
points
Pi NP> AP3A Py

or two point pairs, etc. A plane and line can also be defined by points that
lie on it and by the point at infinity, i.e. a line is represented by

PiAPyAes

and a plane by
P1 APy A P3A ex.
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Dual representation

In the dual representation, a sphere can be represented by its center ¢ and
its radius p as
1,

C— Ep €0 -

A plane is defined as
n+ deyo,

where n is the unit normal vector of the plane and d is the distance to the
origin.
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Meet

In this sense, the wedge product is a constructive operator, i.e. AA Bis an
object spanned by A and B. The duality operator allows to define of the
dual to wedge product, so called meet,

AV B= (A" AB")".

Geometrically, this gives a CGA representative of the intersection of
objects A and B.
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Rigid body motions in 3D

The translation in the direction t = tyje; + trer + tzes is realized by the
multivector (translator)

1
T=1- Eteoo

and the rotation around the origin and the normalized axis
L= Lje; + Lres + Lzes by an angle ¢ is realized by the multivector (rotor)

¢ ¢

R=e 2t = cos o — Isin >

where | = Ljn = L(et Nex AN e3) = Li(ex N e3) + La(ez Aer) + L3(er A e2).
The rotation around a general point and axis is then a composition TRT
of the translation to the origin, rotation R and reverse translation. A
general composition of a translator with a rotor is called a motor.
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9 Binocular vision
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Realisation
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Pose estimation

L= (Fl VAN Ll) V (F2 AN L2).
Lk:(L/\Fk)\/ﬂ‘k, k=12,
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Camera position

o focal distance f= —2v F- P,
@ camera direction (F — P) A exo,
e camera plane m = PA QA (FAP A ex)*.
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Camera position

F

M
T

o

the actual position of the camera center is

F = MFyiv, (1)
and the actual position of the image plane is given by

7 = MmroM. (2)
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Realisation

Camy

Z R-)
Y //’ '/\ B Cam,
x

In this case, the system can be described by the following set of motors.

My = RiTq,
My = RoRy To,
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Realisation

Cams

where the translations T7, T» and the rotations Ry, R» are given by
1
T1=1- 5/162 N €so,

1
T, =1-— */261 N €sos

Ry = cos( (Zl) + sm( 5 L (es A ey),
Ry = cos(q; )+ sm(dg)

and where the axis ¢»> of the second rotation is

by = R1(62 A\ 63)R1.
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© Inverse kinematics
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ABB manipulator

Ji, i=0,---,4 joints

P = ja + v orientation
Ly =Js APA ex.
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At first we compute J3 with help of the intersection of the line L3 and
a sphere with center J; and radius f4

- 1
53 = J4 — 5134(:‘00.
The intersection denotes the point pair Pps and the corresponding point
J3 with respect to the orientation of the gripper is extracted:
Pp3 = 53 A L3,

5 —/Pp5 - Pp3 + Pp3
3 .

N
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Two link arm

Sg=Jo-(BAex),Sc=G— 3rke.

r¢ = \/(Jo . (Go A eoo)) . (Jo . (Go A\ eoo)).

JAI=(SeASe) s S d= (I AIE VI AT -(FAD) e - (S A ).
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@ Robotic snakes
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Robotic snake

xr

pi(q) = Mipi(0)M;, My = Toe (@ ) Ty To =1 — %(Xel + yer)ec,
M; = M;...M; My Ty for i > 0,
M1 = Te~®lere) T, T, = e=(Limeo)hex |, — M,L,(0)M;,
Qi = M;Q,(0)M;. (3)
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Thank you for your attention
Happy Birthday Dmitri
Vsechno nejlepsi Dmitri
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